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Abstract—Hypersonic ramjets employing supersonic combustion of hydrogen fuel have attractive
potentialities for future aircraft or launching systems. The object of the present work § was to study quantita-
tively the effects of fuel injection parameters on the mixing of gaseous hydrogen fuel with a supersonic
air stream confined within a cylindrical duct, to provide some of the fundamental background needed
for the design of supersonic combustors for high-performance engines. Hydrogen was injected at sonic
velocities into Mach 2 and Mach 3 air streams, at overall equivalence ratios of 0-17 to 0-50, in both radial
and axial (downstream) directions from circumferential wall slots. Results showed that considerably
better mixing occurred in the case of radial injection, although the decrease in stagnation pressure also
was greater for this case. ]

The eddy diffusivity of mass, E, (turbulent diffusion coefficient) and radial velocity, V,, were determined .
by differentiating experimental concentration, velocity and density profiles, obtained at various axial
distances from the injection station. For the radial injection case, with a 1-in i.d. test section, a simple
model in which E, varied only in the radial direction and ¥, varied only in the axial direction, allowed
reasonable correlation of the experimental results. The validity of the trends obtained in E; and ¥, were
checked by numerical integration of the diffusion equation, and simultaneous solution of the diffusion
and momentum equations; computed profiles agreed reasonably well with downstream experimental
concentration and velocity profiles. A method for solving turbulent mixing problems by simultaneous

solution of the diffusion, momentum and energy equations is presented.

NOMENCLATURE E,, eddy diffusivity of momentum [ft®/s];
a, arbitrary constant used to shift origin g, dimension constant [32:174 Ib,, ft/lb,
for Laurent series [ft]; $?];
¢, specific heat at constant pressure k, total mass flow rate within a stream tube
- [ft 1b¢/lb,, deg R]; (defined by equation 14) [1b,/s];
D, molecular diffusivity, or diffusion coef- Ler, turbulent Lewis number, pE,c,/x;
ficient [ft?/s]; P, static pressure [Ibg/ft?];
E, eddy diffusivity of mass [ft?/s]; Pry, turbulent Prandtl number, pE,c,/x;
r,  radial coordinate [ft];
r*, coordinate of wall or centerline (defined

t Presented at the Symposium on Fundamentals of : .
Fluid Dynamics, 58th Annual Meeting of the American by ?quatlon .15) [ft]’ . X
Institute of Chemical Engineers, Philadelphia, Pennsyl- T's radial coordinate of streamline [ft] ’
vania, December 6-9, 1965. Scy, turbulent Schmidt number E, /E,;

1 Present Address: General Applied Science Labs., 14 mass-average or bulk velocity [ft /S]'
Westbury, N.Y. ’ £ . ] 24

§ This work was sponsored by the Office of Aeronautical Y, ma.lss raCthn hydrogen;
Research, Office of Advanced Research and Technology, z, axial coordinate [ft];
National Aeronautics and Space Administration, Washing- ; : .
ton, D.C. The Applied Physics Laboratory operates under & eddy viscosity [lb“'/f-t S] ]
Contract NOw 62-064c with the Bureau of Naval Weapons, ) eddy thermal conductivity

Department of the Navy.
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¢, molecular shear viscosity [lb,,/ft s];
p,  density [1b,/ft*].

Subscripts
r,  radial component;
w, wall;

z,  axial component.

Bars denote time-averaged, and primes
fluctuating quantities

INTRODUCTION

HYPERSONIC ramjets with supersonic combus-
tion diffusion flames and utilizing hydrogen fuel
have attractive potentialities for future aircraft
or launching systems. A basic understanding of
the process in which fuel and air are mixed
would be of great benefit in the design of a
supersonic combustion chamber, and is the
first step in the analysis of the combustion
phenomenon. The problem of mixing fuel with
a supersonic stream has been studied recently
by a number of investigators [1-5]; generally.
their work has been limited to the case of
coaxial injection, neglecting both axial and
radial gradients in static pressure. Because of the
similarity of this geometry to the free jet
geometry, the eddy viscosity, ¢, was frequently
assumed to be constant in the radial direction
as has been experimentally substantiated for
incompressible free jets [6, 7].

In this investigation, an effort was made to
simulate the injection section of an actual
combustion chamber, i.e. a ducted flow with
axial pressure gradients. Since it is important
to minimize strong disturbances in the flow
in a supersonic combustion chamber (i.e. shock

waves), injection of the fuel from the wall

rather than from protruding wall injectors
appeared desirable, as long as adequate mixing
could be attained. In addition, protruding
injectors would significantly increase structural
problems. Because of its potential importance.
injection from the wall was studied exclusively
in this investigation in an effort to attain a
quantitative understanding of this important
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injection geometry. Only cold flow mixing tests
without combustion were conducted.

Injection from a wall slot can be in the axial
direction parallel (downstream) to the direction
of flow of the air stream, or in the radial direction
perpendicular to the air stream, or at some
intermediate angle. Since injection perpendicu-
lar and parallel to the air stream are the simplest
of the practical geometries to treat analytically
and provide bounds for the intermediate case
of downstream injection at an angle to the flow,
they were used exclusively in this investigation.
Of course, coaxial injection has an important
advantage over radial injection from the view-
point of engine cycle performance because the
downstream component of momentum of the
injected fuel, even though it may be small,
contributes to theoretical net engine thrust at
hypersonic flight speeds. Also, radial injection
would be expected to result in greater stagnation
pressure losses.

Turbulent flow will occur in almost all
practical supersonic combustion engines. Tur-
bulent mixing is much more rapid, and hence
more desirable than laminar mixing; therefore.
it is important to understand the complex
turbulent case. These flows are characterized
by random fluctuations, so that it would appear
logical to apply the methods of statistical
mechanics to turbulent mixing problems. Un-
fortunately, the statistical theory of turbulence is
not sufficiently developed to allow its applica-
tion to the turbulent mixing problem con-
sidered herein, so that an alternative approach
was required [7-9].

The phenomenological or semi-empirical
approach which has been used successfully for
a considerable period of time for investigating
jet mixing problems [6-8, 10, 11] utilizes
empirically determined turbulent transport coef-
ficients. These eddy coefficients are:

(1) The eddy diffusivity of mass, E, (turbulent
diffusion coefficient).

(2) The eddy diffusivity of momentum, E,,
(eddy kinematic viscosity).
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(3) Eddy diffusivity of heat, or alternatively,
the eddy thermal conductivity, x.

These coefficients must be experimentally
determined because unlike their molecular
counterparts, they are functions of (at least)
the position in the flow field and the radial
gradients of mass fraction, axial velocity, and
temperature, respectively. Of course, they are
applicable only for the particular experimental
conditions investigated. They are useful for
evaluating the degree of mixing obtained with
a particular test geometry, and for comparing
different geometries; however, their major con-
tribution will be correlation of data obtained at
the various flow conditions and injector sizes
of interest in supersonic combustors, if such
correlations are possible.

In this work the direct approach was chosen
for the determination of turbulent transport
coefficients, in which differentiated experimental
data were used to evaluate each term in the
equations of change, except for the coefficients.
This approach was selected rather than the more
usual one of assuming relationships to predict
the coefficients, and then testing their validity
by integrating the equations of change in an
attempt to reproduce experimental profiles,
because large variations in E; and E,, were
anticipated. Turbulent fluctuations do not exist
in the laminar sublayer near the wall; therefore,
molecular transport rather than turbulent eddy
transport would be important in this region,
and E; and E,, both would approach zero. In
the turbulent boundary layer, they would be
relatively large compared to their molecular
counterparts. In fact recent experimental in-
vestigations of supersonic mixing [5] have
shown that even in the case of high-speed
coaxial free jets, neither E, E,, nor the eddy
viscosity, ¢ = pE,, is constant in the radial
direction as often has been assumed.

In order to check the validity of the E,s,
E,’s and V,’s obtained, a numerical integration
which used experimentally determined profiles as
the initial conditions was used to solve the
turbulent diffusion and momentum equations
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both separately and simultaneously. Inconsis-
tencies in the eddy diffusivities caused by
differentiation of the experimental data could
be determined in this manner, and by using an
iterative procedure, values could be con-
tinually improved.

BASIC EQUATIONS
The general equations of change for steady,
axially symmetric, turbulent flow in which no
significant variation in stagnation temperature
occurs are summarized below [13]. Following
standard notation, a bar is placed over symbols
that represent time-averaged quantities.

Turbulent continuity equation
10 0 —
V) +—(V) = 0.
~= T + 5 (7 =0 (1

Turbulent diffusion equation

—dY __0Y 19 oY
PK@;*‘PVZE — ,:P(D"“de)r :I
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. )
= [ (D + Ey) az] @
Turbulent Navier—Stokes momentum equations
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prar+pzaz_ gCar

(%-%) 2% B )
or r 3r or r 0z

2u
r

o [2u+e) OV, az)}
+5[__3 éar y Tz

v, v, oP

pV;ar+sz—;—~gc5;
+l£( + €3) ~V‘+6V’
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T A constant stagnation temperature is a solution to
the turbulent energy equation when turbulent Prandtl and
Lewis numbers are unity [12].



1404

where the turbulent transport coefficients are
defined in such a manner that the laminar
form of the equations is preserved

3 Cor r 0z
Al (L
BTV, = - (‘f ‘Z) ©
GV, = - 2t (%z . %K) (10)

Equations (2) to (4) cannot be solved directly
for the six unknown transport coefficients unless
some assumptions are made concerning their
relationships, e.g. that some are either equal
or negligible. However, even when such as-
sumptions are made, accurate determination
of some of the remaining terms in these equations
would be difficult using experimental data.
An alternative approach, which leads to con-
siderable simplification, is to make several
general assumptions concerning the flow. The
simplifying assumptions that appear reasonable
for high-speed turbulent flow because of the
importance of axially-directed convective bulk
flow are:

(1) Diffusion in the axial direction is negligible
compared to that in the radial direction.

(2) Viscous mormal_stresses are negligible
compared to the pressure.

(3) Viscous shear stresses depend primarily
on the radial gradient of axial velocity

(@V.jor > 8V/oz).

t The axial dispersion coefficient is frequently defined
in a similar manner to E,, [14].
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{(4) Fluctuating components of the axial
velocity are negligible compared to cor-
responding time-average quantities

[pV.V. > (pV) V7],

Assumption (2) appears reasonable because
an order of magnitude analysis shows that
viscous normal stresses are negligible compared
to the pressure even in the boundary layer where
viscous forces attain their maxima.

Using these assumptions, equations (2} and
{4) become respectively

oY .__6Y 16 oY
pVE- pV, — priel [pEdr ]and(ll)

V. —.adV, 19 v, oP
Vi e S GE e — g S
N P or [pEmr 6r:l 93

o,

where E; = E,, and E,, is defined by the relation

aV av,
pEm or — €3 ?}7
In equations (11) and (12) molecular transport
has been neglected compared to turbulent
transport, an assumption normally valid except
within the laminar sublayer; however, they may
still be applied within this region if E; and E,,
are considered the sum of the molecular plus
turbulent coefficients.

Probably none of the terms in equation (3).
the radial momentum equation, are large;
therefore, it is difficult to conclude which, if any,
of them may be neglected. Since the transfer
of axial momentum is generally of greater
interest than the transfer of radial momentum,
frequently this equation need not be considered.
However, if ¢, €5, 1e. V,pV.and V.p'V.
are small compared to p V.V (or are approxi-
mately equal), or if axial derivatives are much
less than radial derivatives in this equation, ¢,
could be obtained. Alternatively, if pVV, >
(pV,YV,, ¢, may be determined. If all the viscous
terms in this equation are negligible, so that it
reduces to an Euler equation, it still would be

(13)
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useful for checking the consistency of the
inertial and pressure terms, and hence, the
experimental measurements.

DETERMINATION OF TURBULENT
TRANSPORT COEFFICIENTS

One method for determining E,, E,, and V,
is differentiation of the experimental concentra-
tion, velocity and density profiles, and sub-
stitution of these derivatives in equations (11)
and (12). Using an assumed value of the turbulent
Schmidt number, Sc; (near unity), these equa-
tions can be solved simultaneously for E,; and
V.. Equation (1) would be used to check the
consistency of values of V,. If equation (1) were
not satisfied, a new Sc; would be assumed and
the procedure repeated. An obvious disadvan-
tage of this method is the need to obtain second
derivatives from experimental data, which re-
quires extremely closely spaced accurate data
points.

One integration of equations (1), (11) and (12)
eliminates the need for obtaining second deriva-
tives and allows determination of the unknown
terms directly. This integration can be ac-
complished by an extension of Shipman’s
method [9] in which these equations are
integrated once in the radial direction, between
either the wall or the centerline and a “stream-
line”, i.e. a line bounding a fixed mass flow,
designated r(n).

The value of r(n) is found for various test
section lengths and values of the constant k,
by a numerical evaluation of the integral

rs(n)

| pV.rdr =k,

r*

(14)

where r* designates either the wall or the
centerline. The boundary conditions at r* are

r: V=0, To=0 DYoo
or
r¥ = - = (15
- Y ov,
V = 0 —_— = ‘=
O r b ar £ ar 0

since no mass diffuses through the wall, the
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velocity at the wall is zero, and the centerline
is an axis of symmetry. Equation (14) shows
that there will be no net flux of mass across the
streamline by convection, although both hydro-
gen and air cross the streamline by diffusion
(equal masses in opposite directions).
Multiplying each term in equation (1) by
rdr, integrating from either the wall or the
centerline to r, and applying the generalized
Liebnitz formula for interchanging the order of
differentiation and integration yields

Y __ o
|4 — crdr = | pVr " 1
D,du+&prrr [meJg (16)
But equation (14) requires that the second term
on the left be zero, so that at r;

— 0Or
pv.=p

2 17

Equations (11) and (12) may be integrated in a
similar manner using equations (15) and (17),
to give

of— oY

— | pV, Yrdr = [ﬁE,,rs—~ (18)

0z or|,,

r*

l%_[ pV.V.rdr = I}Emr%] . - 4. grdr.

re re (19)
These integral equations also can be obtained
directly by noting that since neither hydrogen
nor momentum leave or enter a stream tube
by convection, any variation of these para-
meters within the stream tube must be caused
by diffusion normal to the flow. Equations (18)
and (19) were solved for E, and E,,, respectively.
Note that since dV,/dr = 0 at the centerline, no
momentum flux crosses the centerline, but that
there is a momentum flux to the wall since
oV,/or £ 0 at the wall. As previously noted,
near the wall in the laminar sublayer the
molecular diffusivity and viscosity, D and g,
rather than E, and E,, become important.

The integrals in equations (18) and (19) were
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evaluated numerically at each test section length
using interpolated concentration, velocity and
density data, and the trapezoidal rule at
intervals of 0-002 in; their axial variations were
determined by fitting a truncated Laurent
polynomial in 1/(z + a) and differentiating the
polynomial. The terms 8Y/dr and dV./0r were
determined by numerical differentiation of the
interpolated concentration and velocity data.
using a five-point, second-order, running-
smoothing routine and p was determined by
interpolation of the density profiles. If radial
pressure variations can be experimentally de-
termined, the last term in equation {19) may be
evaluated numerically using the measured local
free-stream static pressure, e.g. obtained with
a conical probe. This numerical evaluation
could be most readily accomplished using the
Liebnitz formula

' 0P o f- or,
j—é;rdr = EjPrdr - [Prsgls. (20)

r* r*

Since r* may equal either O or r,, the various
integrations may be carried out either from
the wall or the centerline, so that two values of
E, and E,, may be obtained. These values will
agree only if mass and momentum balances are
consistent.

No effort was made to determine the eddy
diffusivity of heat, or eddy thermal conductivity
in this work since the stagnation temperature
remained approximately constant throughout
the flow; however, the simplified [12] energy
equation also can be integrated in a similar
manner and used to determine these parameters
when stagnation temperature measurements are
available [13]. In this way the turbulent
Prandtl and Lewis numbers can be obtained
as well as the turbulent Schmidt number.

APPARATUS
The apparatus used for these mixing studies
is shown schematically in Fig. 1. Details of the
self-aligning, stainless steel test sections are
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shown in Fig. 2. The supersonic air flow was
created with contoured, axially symmetric,
Mach 2 and Mach 3 Clippinger-type nozzles
[15], which were designed by the method of
characteristics, with sharp edges at their sonic
plane surfaces; exit diameters were 1-000 in.
Boundary-layer thickness for the Mach 2 nozzle
at the injection station, computed from the von
Karman momentum relation was approximately
0-02 in. The nozzles were calibrated so they
could meter the air flow.

Air flow rate was sufficient so that test section
static pressures were maintained above atmos-
pheric in all runs and no ambient air could
enter the test section through the subsonic
portion of the boundary layer.

Hydrogen was metered with a 0-079-in sonic
venturi and injected from a ring manifold
through the circumferential slots into the super-
sonic air stream (Fig. 2). The manifold pressure
was normally considerably greater than twice
the test section pressure. The hydrogen attained
sonic velocity just prior to its initial contact
with the air; no effort was made to balance the
injection pressure and test section static pressure
by varying the width of the slot, as slot width
was considered an independent variable. Be-
cause the hydrogen expanded from a higher
pressure into the air stream, a momentary
supersonic hydrogen flow probably was estab-
lished which initially was thought would enhance
the penetration, and hence the mixing. Fortu-
nately, detailed consideration of the complex
injection process was not required in the
analysis.

Variation in composition between free-stream
and sampling system caused by chemical re-
actions in the probe did not have to be considered
since no combustion occurred. Confirmation
that true samples of the free stream were
obtained with the 0-010-in i.d. capillary probes
was achieved in the Mach 2 tests by mixing
hydrogen with air in the subsonic air line about
15 ft upstream of the nozzle, so that the gases
were completely mixed at the sampling position;
radial transverses with the sampling probe
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Fi1G. 1. Schematic diagram of apparatus.
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FIG. 2. Details of test sections.

confirmed that the mixing was complete. Agree-
ment between concentrations computed from
the metering systems was normally within a
few per cent of that obtained with the calibrated
thermal conductivity cell. Therefore, separation
of hydrogen and air did not appear to be a
problem [16, 17]. Special problems prevented
a complete investigation of Mach 3 air flows.

PROCEDURE

Considerable care was taken during each
run to maintain constant flow rates of hydrogen
and air, since approximately 30 min (3040 data
points) was required to complete each set of
radial profiles. A combination milling and
rotary table was used to traverse the sampling
probe. At each sampling point, the position of
the probe with which hydrogen concentration
and pitot (ram) pressure were sequentially
obtained, was visually determined with a dial



1408

micrometer. The dial was initially adjusted
when the probe made contact with the wall
lighting a flashlight. The probe tip was posi-
tioned 01 in upstream of the exit plane, so that
the wall static pressure at the sampling station
could be accurately determined.

A VECO M 182, open-diffusion, thermal
conductivity gas analysis cell was used to
determine hydrogen concentrations. It was
calibrated with known mixtures of hydrogen
and air each run day. Cell pressure was manually
adjusted using a mercury manometer and a
stable reading obtained on a strip-chart re-
corded prior to recording each data point on
magnetic tape. Cell temperatures were controlled
by immersing the waterproofed cell in an ice
bath contained in a large Dewar flask. Im-
mediately after recording the concentration,
the sampling system was isolated from the probe
and pressure transducer (Fig. 2), and the pitot
pressure recorded in a similar manner.

The stagnation temperature of the hydrogen
and air was measured just prior to injection;
both were approximately equal to the ambient
storage temperature. In a few cases experimental
stagnation temperature profiles were obtained
with a shielded thermocouple probe. Typical
results [13] showed the maximum radial varia-
tion to be only about 3 per cent; therefore, in the
data reduction the simplifying assumption was
made that the stagnation temperature remained
constant and equal to the mass-average stagna-
tion temperature of the hydrogen and air.

In most Mach 2 runs, a cone-static pressure
probe was used in an attempt to determine
local free-stream static pressures. Unfortunately,
Mach number profiles computed for identical
flow conditions, but different test section lengths,
were irregular and inconsistent, even when a
probe with a 10-degree semivertex angle and a
0-014-in i.d. pressure tap, 0-16 in from the tip
was used. Mach number profiles also were
computed using measured wall static pressures
assuming no radial pressure variation, although
clearly radial pressure variations caused by the
hydrogen injection occurred in the flow, especi-
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ally near the injection station. These profiles
appeared more reasonable than those com-
puted using cone static pressures. Since a great
deal of additional effort would have been
required to obtain satisfactory local static
pressures, data were reduced using measured
wall static pressures, and assuming radial
pressure variations to be negligible.

In the boundary layer where the flow was
subsonic, the Mach number was computed from
the appropriate relation for adiabatic flow of
a perfect gas; when the flow was supersonic,
the Mach number was computed from the
Rayleigh pitot formula. Calculations were some-
what simplified because the specific heat ratio.
y,i1sindependent of the hydrogen air composition
for the conditions considered, and equal to 1-4.
The static temperature was computed from the
Mach number assuming the stagnation tem-
perature remained constant. The density was
computed using the perfect gas law, and the
axial velocity from the Mach number and the
speed of sound. Details of these computations
are given in reference [13].

The magnetic data tape taken during each
run was reduced on an IBM 7094 computer.
All information needed for subsequent data
reduction or plotting was punched on IBM
cards to minimize the opportunity for error and
facilitate handling the mass of data.

EXPERIMENTAL RESULTS

A series of runs with sonic (3900 ft/s) radial
hydrogen injection was completed with 1-06
Ib/s Mach 2 air and 0-005, 0-010 and 0-015 1b/s
hydrogen (overall equivalence ratios of 017,
0-33 and 0-50, respectively) for an injection slot
width of 0005 in. Concentration, velocity,
density and Mach number profiles were ob-
tained for up to 5 different test section lengths.
A set of typical profiles, obtained for an injection
rate of 0-005 1b/s are presented in Figs. 3-6. The
run conditions and instrumentation details are
presented in reference [13].

Some justification for using the simplifying
assumption that the static pressure did not
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F1G6. 3. Hydrogen concentration profiles, radial hydrogen
injection, Mach 2 air.

240 280

vary greatly in the radial direction was obtained
from the computed mass and momentum
balances. Air mass balances normally agreed
within a few per cent; hydrogen balances
generally were low by 12 to 30 per cent. Lack
of agreement of the hydrogen balances is
believed to have been caused by the difficulty
in accurately determining the velocity and
density, particularly in the region near the wall
where hydrogen concentration was large. Mo-
mentum balances were consistent and appeared
reasonable since the momentum should decrease
gradually with axial length (because of wall
friction), and radial hydrogen injection rate
{because of mass addition).

For clarity, curves are drawn in the figures;
the original data points are presented in
reference [13]. Because of very large variation
of concentration with length, the hydrogen
concentration profiles in Fig. 3 are plotted on a
logarithmic scale as mass fraction hydrogen;
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hydrogen mass fractions of 0-10 and 040 are
equivalent to 62 and 91 mole per cent, respec-
tively. Since no hydrogen penetrates the wall,
the slope of the concentration profiles should
be zero at the wall; however, the finite probe
size did not permit this boundary condition
to be confirmed experimentally. The expected
trends of decreasing hydrogen concentration
with both radial distance from the wall and
axial length were obtained. Several local irregu-
larities occurred which may have been caused
by a slight amount of play in the probe transvers-
ing mechanism. A stationary sampling rake
might eliminate this problem in future experi-
ments.

Velocity profiles for the short test section
lengths reached their maxima near the wall
as shown in Fig. 4. This effect probably was
caused by initial supersonic expansion of hydro-
gen from the injection slot into the lower static
pressure environment of the test section. The
irregularities in these profiles were probably
caused by oblique shock waves which decreased
in strength with distance from the injection
slot. In the region near the wall velocity de-
creased with test section length as expected for
a developing boundary layer. As anticipated,
the error introduced by assuming that no radial
static pressure variation occurred was most
significant for the 0-05-in length.

In the region near the wall, densities presented
in Fig. 5 increased with test section length
corresponding to the decrease in hydrogen
concentration as mixing proceeds. The fact
that the density profiles exhibit more irregu-
larity than either the concentration or velocity
profiles is not surprising since they depend on
the same measurements as the velocity, in
addition to the static pressure directly.

The Mach number profiles are presented in
Fig. 6. The fact that, except for the 0-05-in length,
they decreased with axial length, and were
generally parallel, was further support for use
of the wall static pressures in the Mach number
computation. Except for axial stations close
to the injection station, radial variations in
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pressure may not have been very significant.
The average Mach number in Fig. 6 is about
1-8; corresponding averages for hydrogen in-
jection rates of 0-010 and 0-015 1b/s were 1-4 and
12, respectively. In a constant area duct,
hydrogen injection rates producing overall
equivalence ratios significantly greater than
0'5 would result in subsonic flow over a large
portion of the flow field ; therefore, an expanding
combustor geometry, e.g. conical, must be
employed in order to prevent choking the flow.

Hydrogen concentration profiles for sonic
radial injection rates of 0:010 and 0015 lb/s
into a 1-06 1b/s, Mach 2 air stream are presented
in Figs. 7 and 8. The corresponding velocity.
density, Mach number, and static temperature
profiles are presented in reference [13]. Because
of the limited penetration at the low flow rates,
an expanded abscissa was used in Fig. 3.
Comparison of Figs. 3, 7 and 8, shows that
increasing the hydrogen injection rate does
not result in significantly increased maximum
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(wall) hydrogen concentrations, and frequently
results in lower wall concentrations. Penetration
and spreading is greatly enhanced at the higher
injection rates; however, stagnation pressure
losses also are greater.
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Runs also were made with 199 Ib/s Mach 3
air and sonic radial hydrogen injection rate of
0-009 Ib/s for an injection slot width of 0-005 in.
A higher air flow rate was required in the
Mach 3 tests than the Mach 2 test in order to
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maintain test section static pressures greater
than ambient. Unfortunately only two sets
of profiles at different test section lengths were
obtained with the self-aligning, stainless steel
sections. In order to obtain any quantitative
results, preliminary data obtained with some-
what oversized brass test sections, and in some
cases slightly different hydrogen and air flow
rates had to be used. Because of various experi-
mental problems, the Mach 3 data presented in
Fig. 9 were smoothed before differentiating
them [13]. The original data are presented in
reference [13].

Early in the test program a series of runs was
made with brass test sections in a preliminary
investigation of the relative merits of the axial
as opposed to radial injection. Test section
geometries investigated were illustrated in Fig.
2. In Fig. 10 hydrogen concentration profiles
for axial injection are presented. Comparison
of these results with those of Figs. 3, 7 and 8
indicate that for these conditions, radial injection
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F1G. 9. Hydrogen concentration profiles, radial hydrogen
injection, Mach 3 air.
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FiG. 10. Hydrogen concentration profiles, axial hydrogen
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is definitely superior to axial injection both from
the standpoint of wall concentrations and
depth of penetration. Thus the major experi-
mental effort in this investigation was directed
toward radial injection.

DETERMINATION OF E, AND V,

Experimental profiles were used to compute
E, and V, using the procedure previously dis-
cussed. In obtaining V, the assumption was made
that p'V, and p'V, were negligible compared to
pV. and pV, respectively. Results for 0005 Ib/s
radial hydrogen injection into 1-06 ib/s Mach 2
air (Figs. 3-6) are presented in Table 1. Con-
siderable variation occurred in E; and V, in
both the radial and axial directions, which was
not unexpected because of the simplifying as-
sumptions made in reducing the data, i.e. that no
radial static pressure variations occurred. The
negative value obtained at the 0-4-in length
undoubtedly results from the difficulty in ob-
taining axial variations from only a few widely
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Table 1. Eddy diffusivity of mass and radial velocity,
radial hydrogen injection, Mach 2 air

{Injection s]ot = 0-005 in; Test section id. = 100 in;
= 0005 Ib/s ritg;, = 106 1b/s)

Distance
from wall Axial length (in.)
(mils)
04 14 29 59
{a) Eddy diffusivity of mass (ft*/s)

5 0-009 0017 0-007 0-001
10 0011 0023 0012 0-007
15 0016 0030 G013 0018
20 0024 0034 0017 0031
25 0026 0034 0-022 0-040
30 0018 0-031 0027 0-046
35 0020 0028 0032 0-049
40 0-026 0025 0042 0-051
50 0033 0024 0070 0-064
70 - {046 0-046 0139 0-137
100 0 0146 0316 0-245

(b) Radial velocity (ft/s)

5 2-57 097 048 0-04

10 363 1-68 1-12 051
15 368 213 1-80 120

20 317 2-41 2:43 1-86

25 2:58 2-61 2:94 2-45

30 1-64 272 331 292

35 033 2-69 3-59 331

40 —1-28 252 376 361

50 —535 1-84 374 394

70 —-11-30 -~ {14 322 3-88

100 —~13-51 ~2:48 2-24 3-53

spaced test section lengths, and especially the
difficulty in obtaining the proper slopes at the
end points. At relatively large distances from the
wall where the concentration profiles approach
zero, an unreal increase in E; always occurred ;
of course, this result was ignored in establishing
trends [12]. In spite of the fact that the largest
radial pressure variations undoubtedly occurred
with the 0-05-in test section, results obtained
with it generally supported the trends obtained
with the other lengths [13]. Valid E,,’s could not
be obtained from the velocity data because the
differentiated velocity profiles were even less
accurate than the original velocity data, and
considerably more variation occurred in E,
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than in E;, However, despite the variation in
E, and V., which in some cases resulted in
physically unreal negative E;’s, general trends in
both E, and V. occurred, which were consistent
for all the data obtained. Although clearly an
oversimplification, the trends suggested a very
simple model, which proved surprisingly useful,
ie. E, varies only in the radial direction and ¥,
varies only in the axial direction.

Although V, appeared to depend primarily
on axial length, the radial distance over which
results could be checked by integration of the
diffusion equation was not great because of the
limited hydrogen penetration. Since V, must
be zero at the wall because of the no-slip con-
dition and also at the centerline because of
symmetry, in general it also must depend on
radial position. However, ignoring this de-
pendence over the region within 0-1 in of the
wall appeared to bea reasonable first approxima-
tion. More exact data and profiles for additional
intermediate test section lengths are required
for accurate determination of the detailed radial
and axial variation of the turbulent transport
coefficients. In the absence of such data, it was
important to determine the validity of the simple
model by integrating the basic equations. Of
course, agreement between computed and ex-
perimental profiles merely demonstrated the
consistency of the eddy coefficients and the
original profiles. Nothing concerning their
absolute correctness was proven ; results can be
no better than the original experimental data.

A summary of the best values of E; and 7,
obtained using the simple model is given in
Figs. 11 and 12. For Mach 2 air the maximum
value of E, increased almost an order of magni-
tude by doubling the hydrogen injection rate
from 0-005 to 0010 lb/s. However, a further
increase in hydrogen flow rate to 0015 Ib/s
increased E; only 30 per cent above that for the
0-010 1b/s rate. The effect of hydrogen injection
rate on E,; suggests that for these Mach 2
test conditions, a critical turbulence level is
reached at a radial hydrogen injection rate
between 0-005 and 0-010 Ib/s. Determination of
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this critical level would be very important if\
the design of practical combustors. Values of
E, plotted for distances greater than 0-2 in from
the wall were estimated by extrapolation be-
cause of the limited penetration at the shorter
test section lengths.

Values of E; and V, for Mach 3 air at 1-99 Ib/s
and a hydrogen injection rate of 0-009 Ib/s are
very similar to those obtained for Mach 2 air
at 1-06 Ib/s and a hydrogen injection rate of
0005 Ib/s. which suggests that at the same
overall hydrogen/air ratio, the inlet Mach
number does not greatly affect E,. Thisindication
that E; depends primarily on the overall ratio of
hydrogen/air, rather than on actual flow rates
of either constituent, or on the inlet Mach num-
ber, is very important; however, additional
data are required to confirm this result.

For simplicity E; used in this investigation
was considered to be the sum of D, which was
negligible throughout the flow field except in

JOHN H. MORGENTHALER and JOSEPH M. MARCHELLO

the immediate vicinity of the wall, plus E; At
the experimental conditions D = 0-0006 ft*/s.
Diffusivities of this general magnitude were
actually obtained from the experimental profiles
within 0002 in of the wall, and this value was
used throughout as E, at the wall. Since E,
and p both always reached minimum values at
the wall, the model used by previous investiga-
tors [2. 4, 10] in which either pE, or p*E, was
assumed constant in the radial direction clearly
does not apply for the case of wall injection of
hydrogen into air.

The decrease in V, with axial length shown
in Fig. 12 was anticipated, since it should depend
on the magnitude of the concentration gradients,
Again results for Mach 2 and Mach 3 at the
same overall equivalence ratio are very similar.

The magnitudes of E,;’s presented in Fig. 11
are similar to those of other investigators despite
the greatly different geometries and flow condi-
tions investigated. Zakkay et «l. [4] obtained
values between 0-3 and 07 ft?/s in their super-
sonic, coaxial turbulent mixing studies. Values
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of 0-1-02 ft*/s were obtained by Kingsland
in his studies of diffusion in the wake of a
circular cylinder at Mach 5-8 [18]. Longwell and
Weiss [19] obtained values ranging from 0-3 to
0-6 ft2/s, essentially independent of pressure,
in their investigation of mixing of injected liquids
in high-velocity subsonic air streams. These
results suggest that the variation in E,; rather
than its magnitude may be the significant
effect to be obtained from future investigations.

SOLUTION OF DIFFUSION AND
MOMENTUNLEQUATIONS

Since the ultimate usefulness of the turbulent
transport coefficients is the ability to predict
concentration and velocity profiles, a numerical
procedure (Crank—Nicolson) was developed for
integrating the diffusion and momentum equa-
tions [13]. In the turbulent diffusion equation,
the value of V,, p and Jp/dr at any axial position
were determined by fitting a polynomial in
1/(z + «) through experimental points obtained
at various axial stations but at the same radial
position. An iterative procedure was used in the
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solution - of the momentum equation, since
experimental values of ¥V, were not used in this
case in which ¥, was being computed.
Hydrogen concentration profiles obtained at
various axial locations from numerical integra-
tions of the diffusion equation, using the E, and
V, profiles presented in Figs. 11 and 12, compared
reasonably well with corresponding experi-
mental profiles. Typical results are presented in
Table 2. These results support the conclusion
that the simple model used for representing E,
and V,, although obviously not exact, gives
reasonable results throughout the mixing region
investigated, and that the effect of the various
parameters on E; is reasonably established.
Also, exact knowledge of the initial profiles
does not appear critical for the numerical
integration of the diffusion equation; the ap-
proximate velocity and density profiles obtained
even for the 0-05-in length appear an adequate
approximation. Much poorer agreement be-
tween computed and experimental profiles
was obtained in some cases when only minor
changes were made in E, or V, from those

Table 2. Comparison between experimental and computed concentration profiles
radial hydrogen injection, Mach 2 air
(Injection slot = 0-005 in; Test section i.d. = 1-00 in; rit,y, = 0-005 lb/s; r;, = 1-06 Ib/s)

Distance z=04in z=14in z=29in z=59in
from wall Initial
x profile
(mils) Youp Yo Yemp  Yep  Yemy Yy Yiew
0 0-225 0-102 0117 0-060 0-064 0028 0-033
7-6 0-151 0092 0086 0-051 0054 0026 0-031
16-1 0078 0-074 0062 0037 0045 0020 0030
258 0-044 0060 0-042 0-024 0-037 0017 0026
369 0012 0040 0024 0015 0027 0014 0-023
501 0-003 0019 0-009 0-009 0015 0009 0017
662 0001 0-007 0-002 0005 0006 0-006 0-010
870 0 0002 0 0-003 0-001 0004 0-004
1162 0 0 0 0002 0 0-003 0-001
1660 0 0 0 0 0 0001 0
2155 0 0 0 0 0 0 0
500-0 0 0 0 0 0 0 0
Y(pYV.A), 0-0044 0-0050 00036 0-0039 0-0047 0-0034 0-0045
Z(p V. A), 1056 1014 0-9939 1-063 1:034 1-069 1-043
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presented in Figs. 11 and 12 [13]. In the solu-
tions of the momentum equation, better agree-
ment was obtained between experimental and
computed values of V, when E,, was assumed
equal to E; (ie. Scy = 1), than when values
obtained directly from equation (19) were used.

SIMULTANEOUS SOLUTION OF DIFFUSION
AND MOMENTUM EQUATIONS

The least satisfying aspect of separate solu-
tions of the diffusion and momentum equations
is the need to specify density profiles in advance,
which require prior knowledge of both the
composition and static temperature. Of course,
the integration described above is the ultimate
check of the consistency of the eddy diffusivity
determinations. However, the need for specify-
ing density profiles can be overcome by simul-
taneous solution of the diffusion and momentum
equations using a numerical iterative procedure,

JOHN H. MORGENTHALER and JOSEPH M. MARCHELLO

provided the stagnation temperature is assumed
constant throughout the flow, an assumption
already made in the computation of the experi-
mental density profiles. If radial pressure
gradients occur in the flow, the integration is
still possible as long as the detailed pressure
variation is known. Since initial ¥ and ¥,
profiles are known, the static temperature can
be computed. A density then can be computed
using the known initial value of Y, and the
value of dp/dr can be obtained by numerical
differentiation of this computed density profile.
The diffusion and momentum equations now
can be solved using these initial values of the
density, its radial derivative, and the initial
value of ¥, for a first iteration to give new values
of Y and V, at the next axial station. Averaging
the new and initial values gives an improved
estimate of the true value of these terms midway
between the new and initial values. New

Table 3. Comparison between experimental and computed velocity and concentration profiles
radial hydrogen injection. Mach 3 air
(Injection slot = 0-0052 in; Test section i.d. = 1:00 in; rhy, = 0010 Ib/s; i = 199 Ib/s)

Distance z=165in z=129in z=159in L
from wall  Initial profile Exp. Computed Exp. Computed Transport coefficients
X Yexp Zewp Yexp V:exp Y V: Yexp Vze,p 4 V: X Ed = Em
(mils) (ft/s) (ft/s) {ft/s) (ft/s) {ft/s)  (mils) {ft2/s)
0 0-084 0 0053 11171 0054 0 0032 1043t 0032 0% 0 0-0006

76 0075 1450 0051 1313 0053 1122 0031 1237 0032 937 5 0-008

161 0063 1511 G046 1394 0048 1372 0029 1315 0030 1171 10 0-017

258 0054 1581 0040 1461 0043 1491 0028 1405 0029 1306 15 0023

369 0040 1638 0032 1509 0036 1574 0024 1470 0026 1417 20 0-030

50-1 0026 1668 0023 1591 0025 1660 0019 1533 0021 1353 25 0-035

662 0012 1735 0014 1652 0014 1747 0014 1650 0014 1680 30 0-040

870 0003 1869 0008 1768 (005 1834 0008 1738 0008 1777 35 0-035

1162 0 1908 0002 1864 0001 1890 0003 1798 0002 1843 40 0-030

166:0 0 910 0O 1921 0 1901 O 1882 © 1877 45 0025

2155 0 1925 © 1927 0 1914 0 1900 © 1890 50 0-025

500:0 0 1904 0 1840 O 1890 O 1881 O 1869 100 0-025

300 0025

Y(pYV,A) 0-0088 0-0076 0-0074 0-0072 0-0071 500 0-025
S(pV.A), 2110 1972 1968 1980 2076 z v
{ {in) {ft’s)

Z(prA)i 1236 1147 117:6 112:4 1216 123 z
59 2

+ The velocity at the wall was set to zero for the initial profile because of the boundary condition; experimental
values were never zero because of the finite probe size.
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values of ¥, p and 0p/dr are then computed. design for a practical combustor must include
all these effects and their interactions.

Improved new values of Y and V, next can be
computed and the iteration repeated until no
further change occurs. For the cases investi-
gated, two iterations generally proved sufficient.
For the next integration step, the entire pro-
cedure is repeated using the newly computed
values of Y and V, as initial conditions. This
procedure was successfully programmed using
a variable radial mesh, which greatly reduced
computing time [ 13]. The reasonable agreement
between computed and experimental profiles
obtained is shown in Table 3.

CONCLUDING REMARKS

Although no attempt was made to solve the
energy equation in this investigation because
the assumption that the stagnation temperature
remained constant appeared valid, the method
for solving the simplified turbulent boundary
layer energy equation, together with the diffusion
and axial momentum equations, again using an
iterative procedure was worked out in detail
[12,13]. In this case Pr and Le must be known
functions of position as well as E,, E,,, ¥, and P.
In addition, either the stagnation enthalpy, or
stagnation temperature must be given (or esti-
mated) at the initial axial location as well as the

Yand V, profiles.

In a combustion chamber the total losses,
ie. total increase in entropy, resulting from
injection, shock losses, wall effects and combus-
tion inefficiencies must be minimized ; however,
the conclusions of this investigation relate only
to the mixing. Of course, ultimate injector
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Résumé — Les stratoréacteurs hypersoniques employant la combustion supersonique de I’hydrogéne
ont des possibilités attrayantes pour 1'aviation ou des systémes de lancement futurs. L’objet de I’étude
actuelle était les effets quantitatifs des paramétres d’injection de combustible sur le mélange d’hydrogéne
gazeux avec un écoulement supersonique d’air a I'intérieur d’une conduite circulaire, afin de fournir
quelques bases pour le projet de briileurs supersoniques de moteurs a performances élevées. L’hydrogéne
¢tait injecté & une vitesse voisine de celle du son dans des écoulements d’air a un nombre de Mach 2 ou 3,
a des rapports globaux équivalents de 0,17 & 0,50, 4 la fois dans des directions radiales et axiales (vers

I’aval) a partir de fentes circonférentielles dans la paroi.

Les résultats montraient que, dans le cas d’une injection radiale, le mélange était considérablement
amélioré, bien que la diminution de pression totale était également plus élevée dans ce cas.
La diffusivité massique tourbillonnaire, E, (coefficient de diffusion turbulent) et la vitesse radiale. V..
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étaient déterminées en différentiant les profils de concentration, de vitesse et de masse volumique, obtenus
a différentes distances le long de I'axe de I'endroit de I'injection. Pour le cas de I'injection radiale, avec
une section d’essai de 25 mm de diamétre intérieur, un modéle simple dans lequel E, variait seulement
dans la direction radiale et ¥, variait seulement dans la direction axiale, permettait une corrélation raisonn-
able des résultats expérimentaux. La validité des tendances obtenues pour E, et V, a été vérifiée par intégra-
tion numérique de I’équation de la diffusion, et la solution simultanée des équations de la quantité de
mouvement et de la diffusion; les profils calculés sont en accord raisonnable avec les profils expérimentaux
aval de concentration et de vitesse. Une méthode de résolution des problémes de mélange turbulent par
une solution simultanée des équations de la diffusion, de la quantité de mouvement et de I'énergie est
présentée.

Zusammenfassung—Hypersonische Staustrahlen mit Uberschallverbrennung von Wasserstoff weissen
attraktive Moglichkeiten fiir zukiinftige Flugzeuge oder Startsysteme auf. Das Ziel der gegenwirtigen Arbeit
war, die quantitative Untersuchung von Einfliissen der Parameter der Brenastoffeinspritzung auf die
Vermischung des gasformigen Wasserstoffs mit einem Uberschall-Luftstrom in einer zylindrischen Offnung.
Damit sollten grundsitzliche Kenntnisse, die zum FEntwurf von Uberschall-Brenneinrichtungen Fir
Hochleistungsmaschinen notwendig sind, erworben werden. Wasserstoff von Schallgeschwindigkeit wurde
in Luftstréme mit Mach 2 und Mach 3, sowohl in radialer als auch achsialer (stromabwirts) Richtung aus
Schlitzen am Wandumfang eingeblasen bei Gesamtequivalenzverhdltnissen von 0,17 bis 0,50. Die Ergebnisse
zeigten, dass betrichtlich bessere Vermischung im Fall radialer Finblasung auftrat, obwohl die Abnahme des
Standdruckes in diesem Fall auch grosser war.

Der turbulente Austauschkoeffizient E, und die Radialgeschwindigkeit V, wurden bestimmt durch
Differentation der experimentell in verschiedenen achsialen Absténden von der Einblasstelle gefundenen
Konzentrations-, Geschwindigkeits- und Dichteprofile. Im Fall der radialen Finblasung mit einer Mess-
strecke von 25,4 mm, einem einfachen Modell in dem E, sich nur in radialer und ¥, nur in achsialer Richtung
dndererte, liess sich eine verniinftige Korrelation der experimentellen Ergebnisse finden. Die Giiltigkeit der
fir E; und V. gefundenen Tendenzen wurde durch numerische Integration der Diffusionsgleichung und
gleichzeitiger Losung der Diffusions- und Bewegungsgleichung nachgepriift. Die berechneten Profile
stimmten ganz gut mit den stromabwirts gefundenen Konzentrations- und Geschwindigkeitsprofilen
itberein. Fine Methode zur Lésung des turbulenten Mischproblems durch gleichzeitige Losung der

Diffusions- Bewegungs- und Fnergiegleichung wird angegeben.

AnHOTAIMA—] MIIeP3BYKOBBIE JETaTelbHEE ANNApPaThl ¢ MPAMOTOYHLIM BO3YIIHO-DEAKTHB-
HBIM JBHrare;1eM Ha BOJOPOAHOM TONIIMBE BeChbMAa MEPCHEKTHUBHBI AJA MYCKOBHIX YCTAHOBOK.
Hacroamana pafoTra npefnpMHATA ¢ INelbl0 HCCAETOBAHMA KOJIMYECTBEHHOTO BINAHMUA
mapaMeTpoB BAYBA Ha MNepeMelINBaHUEe Ta3000pasHOr0 BOJOPOJHOI0 TOILIMBA CO CBEpPX-
BBYKOBOI cTpyell BO3[yXa, 3aKIIOYEHHON B NUJIMHAPMYECKUN KaHAJ. 3TO HEOOXOqUMO IJIsA
060CHOBaHUA pacyeTa CBePX3BYKOBHIX KaMep MOIIHBIX ABHrareseilf. Bogopox mogasaaca npu
3BYKOBOI CKOPOCTHM B BO3IYHMIHYIO cTpy®0 ¢ 4ncaamu Maxa 2 u 3. O0mue 0THOLIEHMA KOMIIO-
HEHTOB BabupoBagMch B npeferax 0,17-0,50. Torumso nogasanock Yepes IMelH MO OKPY#-
HOCTH TPYOBl KAK B PATUAIBHOM, TAK M B OCEBOM HANPABIEHMAX. OKCIIePUMEHTH N0Ka3aJu,
4T MepeMenMBanie YIM4MaeTCA IPY PAaTHalbHol ofaye ToruBa. B atom ciayyae nasienue
TOPMOKEHUA 3aMeTHO CHUMACTCH. _

Koagduunent Typ6yenTHoro odomena maccoli Eq 1 paguagbHas CKOPOCTs Vr onpenennuch
nyteM auddepeHUMPOBAHMA NOIYYEHHBIX U3 ONBITOB pachoefelleHnil KOHLEHTPALNH,
CKOPOCTH M IJIOTHOCTH, B PA3JINYHBIX TOYKAX IO OCM OT MecTa BAyBa Tomuauba. [laf coiydasn
PAIMAJBHOrO BAYBA M amaMerpa TpyOnl 1 TiofiM; MCHOJIB30BAIaCh NMPOCTAA MOMLENb, I03-
BOJAKIIAA YIOBIETBOPUTEABHO O0OGHIMTL DKCHEPUMEHTANbHEE [AHHbIe, B KOTOpO# Eq
M3MEHAIACH TOJBKO B PAMAbHOM Hampasilenmu, a Vr B ocesom. Hpuswie pacnpepemenus
Ea u Vr npoBepsAIMCh YHCIEHHHIM WHTEIPUPOBAHMEM ypaBHeHMA JUPPys3uu M COBMECTHBIM
peuieHneM ypasHenuit puddysun m umnyasca. PacdyeTHple HPOPUIK YAOBJIETBOPHTENBHO
COrJIACYIOTCA € OHKCHEPUMEHTAIbHBHIMM DacnpefeeHMAMH KOHUEHTPALHM M CHOPOCTH.

ITpenmoskeH MeTO[ COBMECTHOI'O pelleHMA ypaBHeHuit quddysnu, MOMEHTa 1 SHEPIUH.



